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Ramjet-Powered Reusable Launch Vehicle
Control by Sliding Modes

Christian Tournes,¤ D. Brian Landrum,† Yuri Shtessel,‡ and Clark W. Hawk§

University of Alabama in Huntsville, Huntsville, Alabama 35899

One possible approach to pitch control of an air-breathing reusable launch vehicle is differential throttling
of opposite engines mounted on the conical lifting body. The vehicle must operate over a large range of � ight
regimes. The problem is aggravated by the relatively large angle of attack, which produces nonsymmetrical engine
operation. The dynamics of controlling supersonic compression inlets also requires very rapid response times. A
pitch controller architecture is proposed based on the sliding mode control (SMC) approach. SMC is a robust,
nonlinearcontrol techniquecharacterized by its total insensitivity to matched disturbances and its perfect rejection
of unmatched disturbances. The pitch control of a conical reusable launch vehicle by opposite engines operating
in ramjet mode is simulated. In response to pitch-induced disturbances, the SMC controller accurately tracks
the prescribed nominal moment through generation of required engine thrust pro� les. The control occurs in a
minimum settling time with no chatter.

Introduction

T HE use of rocket-based combined cycle (RBCC) propulsion
systems in reusable launch vehicles (RLVs) has received con-

siderableattentionin recentyears.A 1992workshop1 recommended
that a systems-level study be conducted to quantify the bene� ts and
costs associated with RBCC systems and to de� ne propulsion and
vehicle technologyrequirements.Earlier studieshad de� ned a base-
line conical lifting body and speci� ed the various engine con� gu-
rations and their modes of operation according to the portion of the
� ight segment � own.2 These studies also recommended installing
theengineson themaximumdiameterof thevehicleandusingdiffer-
ential throttlingas the preferredcontrolmechanism.Engine control,
speci� cally throttling and the control of air intake, was recognized
as a primary technical challenge that needed to be addressed. An
RBCC engine must operate over a wide range of operating condi-
tions from launch to orbit. Without loss of generality, this article
concentrates on an ejector scramjet operating in ramjet mode.

As shown in Fig. 1, the compression of the incoming air� ow oc-
curs in two steps.The � rst step is performedby the obliqueforebody
shock wave, which sets the inlet conditionsfor the second step. The
second stage is assumed to be a supersonic compression inlet. The
typical RLV � ight pro� le requires a relatively large angle of attack.
This produces reduced forebody compression on the upper surface
and much stronger compression on the lower surface. The upper
and lower engines must operate under very different input condi-
tions satisfying the local � ight condition, that is, the local pressure,
Mach number, angle of attack, and oblique shock conditions.

Effective use of differential throttling of opposing engines as a
pitch or yaw actuator requires the ability to create signi� cant thrust
variationswith a relatively high characteristicfrequency.3 The con-
troller must asymptotically track the thrust pro� le of each engine
required to producea desiredpitchingmoment. The controllermust
also regulate the operation of the air intakes. Two control param-
eters are used: the cross-sectional area of the air intakes and the
fuel/air mixture ratio. The moment created by differential throttling
of the engines modi� es the vehicle angle of attack and, hence, the
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asymmetrical shocks on the upper and lower sides of the forebody.
Therefore, there is a strong coupling between the vehicle aerody-
namics, engine performance, and vehicle control. The control of
engine thrust and the regulation of the air intakes must be decou-
pled. The control problem posed is nonlinear and largely uncertain,
with a large variation of operating conditions. The proposed con-
troller must be insensitive to, or otherwise must be able to reject,
any disturbances.

Previous researchershave proposed using ¹ controllers.3 Sliding
mode control (SMC) is an alternativenonlinear, robust control tech-
nique. When the uncertain terms are in the range space of the input
matrix, this control approach is totally insensitive to matched dis-
turbancesand, otherwise, perfectly rejects unmatcheddisturbances.
An estimationof the disturbancesis not required,only the boundsof
their uncertainty.4¡7 This makes the SMC technique ideal for solv-
ing a multiple input/multiple output (MIMO), nonlinear,and largely
uncertain control problem. Application of the SMC technique for
controllinghigh-performanceaircrafthas beendemonstratedin pre-
vious studies.7;8

This paper discusses the use of differential throttlingof opposing
RLV engines to produce a desired pitching moment. A pitch con-
trol design methodology is proposed based on the SMC technique.
First, the steady-state equations used to model the nominal � ight
performance of the upper and lower engines are presented. Next,
simpli� ed differential equations describing the dynamic response
of the engines to changes in the control parameters are derived.The
control model state differential equations are then presented, fol-
lowed by the SMC controller design and architecture. Finally, the
suitability of the SMC controller is demonstrated through simula-
tion of the pitch control of a typical RLV by differential throttling
of opposing ramjet engines.

Ramjet Engine Model
Forebody Compression

The proposed SMC solution is demonstrated through simula-
tion of the pitch control of a typical ramjet-powered RLV shown
schematically in Fig. 1. In the subsequentderivations the indices U
and L are used to designate upper and lower surface � ow variables,
respectively. Also shown in Fig. 1, variable indices are likewise
associated with the following engine � ow path regions: 1 in the
freestream� ow before the oblique shock, 1 aft of the oblique shock,
2 at the inlet section, m in the minimum area throat section, 3/4
before and after the internal shock, 5/6 at the beginning and end of
combustion, and 7 in the nozzle exit section. A nominal cruising
� ight condition at a Mach number of 5, an altitude of 80 kft, and an
angle of attack ® of 6 deg is assumed.

Assuming a conical forebody half-angle of 8 deg, the upper sur-
face will compressively turn the freestream � ow by an angle of
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Fig. 1 Schematic of RLV forebody and propulsion system con� guration.

2 deg, whereas the lower surface � ow will be de� ected 14 deg.
The conical forebody shock is approximated by a two-dimensional
oblique shock. Property changes across the oblique shock are de-
termined by the normal component of the Mach number de� ned
by Mn1 D M1 sin ¯, where ¯ is the oblique shock wave angle.9

Based on the assumed Mach number and altitude, the freestream
static pressureand temperatureare 2376 Pa and 220 K, respectively.
The stagnation pressure and temperature are 1.5 MPa and 1326 K,
respectively.The upper oblique shock wave angle is ¯U D 13 deg.
The Mach number behind the upper shock wave is MU

1 D 4:76, and
the compressionef� ciency, i.e., the stagnationpressure ratio across
the shock, is ´U

1=1 D PU
1 =P1 D 0:998. For the lower oblique

shock the corresponding values are ¯L D 24 deg, M L
1 D 3:6, and

´L
1=1 D 0:74.

Air Inlet Operation
Asshownin Fig.1, theramjethasa variableinletarea A2 . The � ow

is compressed as the area converges from A2 to the minimum area
Am at the throat section.The area then divergeswith a normal shock
occurringat section A3=4. It is assumed that Am can also be adjusted
to maintain Mm D M3=1:2. This prevents minor variations in the
choking conditions driving the normal shock from the diverging to
the converging side of the throat. The area of sections m and 3/4
are, thus, related to the inlet area A2 by

Am D A2
6.M3=1:2/

6.M2/
; A3 D A2

6.M3/

6.M2/
(1)

where

6.M/ D .1=M/ ¢f[2=.° C1/]C[.° ¡1/=.° C1/] ¢M 2g.° C1/=[2¢.° ¡1/]

(2)

Here, ° is the local ratio of speci� c heats.
In ramjet mode, the conditions in section 5 at the entrance to the

combustor are given by

M5 D 6¡1.65/; 65 D A5=A2 ¢ 62 ¢ ´frict ¢ ¼.M3; °3/ (3)

and

P5 D P2 ¢ ´frict ¢ ¼.M3; °3/; T5 D T2 D T1 (4)

where 6¡1 is the inverse function of 6, ´frict is frictional pressure
loss, and ¼.M; ° / is the ef� ciency, i.e., the stagnationpressureratio,
of the upstream normal shock wave.9 Fuel injection in section 5 in-
creases the stagnation temperature,whereas the stagnationpressure
decreases as a consequence of thermal choking. The steady-state

combustion stagnation temperature T6 required to achieve choking
(that is, for M6 D 1) is given by

T6 D T5
Á.M6/

Á.M5/

2

; Á.M/ D
Mf1 C [.° ¡ 1/=2] ¢ M2g0:5

1 C ° ¢ M2

(5)

The stagnation pressure loss resulting from thermal choking ´ch is
given by

´ch D ¸.M5/

¸.M6/
; ¸.M/ D 1 C ° M2

f1 C [.° ¡ 1/=2]M2g° =.° ¡1/
(6)

The stagnation pressure ratio through the combustion section is a
function of ´ch and the frictional pressure losses, or

P6=P5 D ´ch´frict (7)

Using the speci� c combustionenergyof hydrogengas,10 the com-
bustion ef� ciency ´comb , and an approximate relation for enthalpy,
H D [R ¢ ° =.° ¡ 1/]T , the relative hydrogen mass � ow required
to obtain the desired temperature T6 is

" D
1:02 ¢ [°6=.°6 ¡ 1/]T6 ¡ [°5=.°5 ¡ 1/]T5

491:7 ¢ ´comb

(8)

The total mass � ow rate Pmc is calculatedfrom the air mass � ow rate
Pma by

Pmc D Pma ¢ .1 C "/ D
k.° ; "/ ¢ P6 ¢ A¤

6

T 0:5
6

(9)

where

k.° ; "/ D °

287:04 ¢ .1 ¡ 9"/ C 462 ¢ "

0:5

£ ° C 1
2

¡.° C1/=[2¢.° ¡1/]

(10)

In Eqs. (9) and (10) a constant combustion section area of A6 D
A¤

6 D A5 D 1 m2 is assumed.

Nozzle
The need to operate over an extremely large range of � ight con-

ditions precludes the use of an adaptive nozzle, the dimensions of
which would also be prohibitive.Using a control volume approach,
the thrust F is calculated as the difference between the exit static
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Table 1 General engine characteristics

Variable Value Variable Value Variable Value

P1 1.5 MPa T1 1324 K A5 D A6 1 m2

´nozzle 0.95 ´comb 0.95 ´fric 0.95
P5=P4 0.95 !T 250 rad/s A7 7 m2

´ch 0.79 !5 55 rad/s M7 3.2

Table 2 Upper and lower engine nominal operating conditions

Variable Upper Lower Variable Upper Lower

M2 4.76 3.63 A2 7.0 m2 3.7 m2

Mm 1.79 1.34 Am 0.49 m2 0.53 m2

M3 2.15 1.64 A3=4 0.65 m2 0.62 m2

M4 0.55 0.66 P4=P3 0.65 0.88
M6 0.34 0.36 Pma 453 kg/s 480 kg/s
T6 3,000 K 2,800 K " 0.02 0.018
p7 16,820 Pa 12,510 Pa Isp 2,950 s 3,150 s

pressure force and momentum and the input static pressure force
and momentum:

F D Pma ¢ [.1 C "/ ¢ V7 ¡ V1] C A7 ¢ p7 ¡ A1 ¢ p1 (11)

165 D
x5

x6

dx

[M.x/ ¡ 1] ¢ °7 ¢ Rair C H2O ¢ T .x/f1 C [.° ¡ 1/=2]M .x/2g¡1
0:5

(16)

An arbitrary expansion area ratio of 62 is chosen, which yields a
correspondingMach number at the exit section 7 of M7 D 3:2. The
resultant speci� c impulse is calculated by

Isp D
F

Pma9:81 ¢ "
(12)

Nominal Conditions
Table 1 lists general engine characteristics. Table 2 shows val-

ues for various upper and lower engine parameters under nominal
operating conditions. These values were chosen to satisfy the fol-
lowing criteria: � rst, the need to have identical upper and lower
engine thrusts with different inlet stagnation pressures and Mach
numbers and, second, the need to achieve adequate values for spe-
ci� c impulse. A zero static margin was also assumed for conveni-
ence.

Engine Response Dynamics
The engine performance equations presented to this point are for

steady-stateoperation and do not include derivativesof time. There
are no closed-formsolutions of unsteadyaerothermodynamicprob-
lems, and applicable numerical methods are still largely in their
infancy. Therefore, the dynamic response of the engines is approx-
imated as follows.

Hydrogen Combustion
Combustion is unsteady and can be stable or unstable. The com-

bustion temperature in section 6 is, therefore, modeled as a transfer
function:

T6 D
.QH2=Cp6/" C .Cp5=Cp6/ ¢ T5

.s C ¿comb/ s2 C 2» ¢ !T s C .1 ¡ » 2/!2
T

(13)

The real eigenvalue ¿comb D 2000 rad/s represents the ignition and
reaction time constant.10 The imaginary conjugatedeigenvaluesare
assumed to have a characteristicfrequencyof !T D 250 rad/s. This
value was chosen to representone of the tangentialacoustic modes,
which is considered to be the most dif� cult to control, particularly
in cylindrical chambers.10 The unstable value of the exponential

growth, » D ¡0:1, was chosen to illustrate the capability of the
controller to control unstable plants.

Choking Dynamics
Thermal choking in section 6 produces a static pressure rise,

whichpropagatesas a sonicwave forward to section4. The rise in the
static pressure reduces the Mach number and, hence, the mass � ow.
The propagation velocity is the speed of sound, which depends on
the local static temperature.The propagationalso takesplace within
a variable Mach number � ow M .x/. The calculationof the forward
propagation time constant 146 can only be solved numerically.The
numerical integration of the propagation time is decomposed into
two segments based on the assumed temperature variation.

In the segment from section 6 to 5, the stagnation temperature
T .x/ is assumed to vary exponentiallyaccording to

T .x/ D T6 ¡ .T6 ¡ T5/ ¢ exp
x ¡ x6

x6 ¡ x5

(14)

The variation of the local Mach number is determined from the
thermal choking condition as

M .x/ D Á¡1 Á6 ¢ [T .x/=T6]0:5 (15)

The corresponding propagation time constant within this segment
is calculated using Eqs. (14) and (15) and the relation

In the segment from section 5 up to the normal shock wave at
section 4 the stagnation temperature is constant, T4 D T1. The
sectional area variation must be designed to provide a smooth and
slow Mach number variation. This variation can be approximated
in the calculation of the propagation time of the pressure wave by a
linear variation of the local Mach number given by

M .x/ D M4 ¡ .M4 ¡ M5/ ¢
x ¡ x4

x5 ¡ x4

(17)

The resultant time constant associated with the forward movement
of the choking condition within this segment is calculated using
Eq. (17) and

154 D
x4

x5

dx

[M.x/ ¡ 1] ¢ ° ¢ Rair ¢ T4 ¢ f1 C [.° ¡ 1/=2]M.x/2g¡1
0:5

(18)

As the pressure wave generated by thermal choking propagates
forward to section 4, the localMach number and, hence, the position
and ef� ciency of the normal shock wave are modi� ed. The resultant
response of 65 to a change in T6 is approximated by

P65 D ¡ 65

165 C 154
C

6 Á¡1 Á6 ¢ .T1=T6/0:5

165 C 154

(19)

where M5 D 6¡1.65/.

Mechanical Area Variation
The areas of the inlet section 2 and of the throat section m are

variable.This variation is assumed to be performed using hydraulic
jacks. Similar to Ref. 3, their response functions are represented
by

RA2 D ¡1:4!A2
PA2 C !2

A2.¡A2 C A2¡com/

(20)
RAm D ¡1:4!A2

PAm C !2
A2.¡Am C Am¡com/
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The assumed characteristic frequency of !A2 D 50 rad/s is compa-
rable to current hydraulic jacks used in aviation. Although Am is
not a control variableper se, it must be adjusted in conjunctionwith
A2 to provide a suf� cient safety margin guaranteeing sonic throat
conditions.

Control Model
State Variables

The dynamics of the upper and lower engines are weakly cou-
pled.The behaviorof each engine is describedby the followingstate
variables: the value of the Mach function at the beginning of com-
bustion 65.M5; °5/, the combustion stagnation temperature T6, and
the engine inlet area A2. Equations(21–23) describethe enginestate
variables.State equation (21) describesthe time derivativeof T6 and
is derived from Eq. (13). The higher frequency real eigenvalue is
two orders of magnitude larger than the characteristicfrequency of
the sliding surface and is stable. It is, therefore, acceptable to not
include it in the design of the controller, although retaining it in
the simulation. State equation (22) describing the time derivative
of the Mach function 65 is derived from Eq. (19). It uses the results
of the numerical integration of Eqs. (14–18). State equation (23)
governing the response of the engine inlet area is repeated from
Eq. (20) for completeness,

RT6 D 50 ¢ PT6 C ® ¢ .¡T6 C ¯ ¢ .1 C d"/ ¢ " C º ¢ T1/ (21)

P65 D ¡!565 C !5 ¢ 6 Á¡1 0:4767 ¢ .T1=T6/
0:5 C d6 (22)

RA2 D ¡1:4!A2
PA2 C !A2.¡A2 C A2¡com C dA/ (23)

Controls and Outputs
The hydrogen/air mixture ratio " and the prescribed inlet area

A2¡com are used as controls. Normalized engine thrust f and nor-
mal shock wave ef� ciency ´3=4 are the system outputs. Equation
(24) for the normalized thrust is derived from Eq. (11). The nor-
mal shock wave ef� ciency, calculatedby Eq. (25), is obtainedusing
conservationof mass between sections 2 and 5:

f D F=Fnom D a ¢ A2 ¢ .1 C "/ ¢ T 0:5
6 C b ¢ A2 C c ¢ A2 ¢ 62 (24)

´ 3
4

D d ¢ A2 ¢ 65.1 C d´/ (25)

Although Eqs. (21–25) apply to both engines, their coef� cients are
different. The various coef� cients used in these equations for the
upper and lower engines are speci� ed in Table 3.

Disturbances
The state equations(21–23) and output equation(25) also include

disturbance terms. Equation (21) includes a disturbance affecting
combustion effectiveness.As discussed in Ref. 10, the combustion
effectiveness varies with the intensity of combustion. In the range
of this study d" » ¡0:1. The variable d6 in Eq. (22) represents the
uncertaintiesin the calculationsof internal � ow aerothermodynam-
ics, in particular the uncertainty in the value of ° . In Eq. (23), the
variable dA is an area disturbance that represents imperfections in
the variable inlet and throat. The variable d´ in Eq. (25) represents
a disturbance in the internal shock ef� ciency. This could be caused
by phenomena such as shock/boundary-layer interactions.

Table 3 Coef� cients of the system
equations

Variable Upper engine Lower engine

a 0.00836 0.0169
b ¡0:364 ¡0:727
c 0.024 0.047
d 0.051 0.0136
® 61,875 61,875
¯ 87,670 88,080
º 0.92 0.91

Problem Formulation
The controlproblemis broken into three segments: � lteringof the

prescribedmoment command, thrust tracking,and shock regulation.

Moment Command
The � ight control system generatesa pitching moment command

M¤.t/. The correspondingnormalized thrust pro� le for each engine
is given by

f ¤
L=U D 1 § M¤.t/=2 ¢ rref

s3 C 1:75$ s2 C 2:15$ 2 ¢ s C $ 3
(26)

where rref represents the vehicle reference radius. Output tracking
SMC requirestheoutputand its derivativesincludedin the switching
surface to be smooth. Therefore, the prescribed input generated by
the � ight control system must be smoothed.This is done by a third-
order � lter that minimizes the integral of the product of time and
absolute error (an ITAE � lter). The actuator’s bandwidth is de� ned
by choosing the characteristic frequency of the � lter. As proposed
by other researchers,3 a value of $ D 30 rad/s was chosen. The
control must also be able to augment or reduce the thrust of either
engine by up to 20%.

Thrust Tracking
The control must asymptotically track the prescribed normal-

ized values of the upper and lower engine thrusts. The behavior of
the tracking error is de� ned by the switching surface design. The
asymptotic tracking is given by

f ¤
i .t/8i D U; L; lim

t ! 1
ei D lim

t ! 1
f ¤
i ¡ fi D 0 (27)

A switching surface characteristicfrequencyof 60 rad/s was chosen
as double the characteristic frequency of the � lter generating the
signal to track.

Shock Regulation
The controlmust also track the prescribedef� ciencyof the shocks

occurring in the internal compression inlets of the upper and lower
engines. The asymptotic tracking relation is governed by

´¤i
3
4
.t/8i D U; L; lim

t ! 1
ei D lim

t ! 1
´¤i

3
4

¡ ´i
3
4

D 0 (28)

The prescribed values vary slowly according to the � ight pro� le.
The tracking error’s behavior is de� ned by the switching surface.
Its characteristic frequency is also 60 rad/s.

To provide a high-accuracyrobust tracking of the prescribedmo-
ment, the following problems must be solved7:

1) For each � ight condition, nominal thrust and the nominal ef� -
ciency of the internal shocks corresponding to an equilibrium con-
dition must be calculated.

2) The command inputs must be � ltered to smooth the prescribed
thrust pro� les and to introduce the desired response dynamics.

3) Controllers that track the prescribed thrust values and regulate
the ef� ciencies of the internal shocks need to be designed. The
controllersmust providethe desiredbehaviorof the thrust and shock
ef� ciency tracking errors. They must also allow the system state to
reach the switching surface in � nite time and govern the motion of
the system in this surface thereafter.

4) Because engine thrust is not measurable, a thrust estimator is
required.There are two approachesfor the designof such an estima-
tor. The � rst approach is a nonlinear observer using measurements
of, or deducing from measurements, the engine state variables.The
second approach is based on estimating the pitching moment from
inertial measurements of the pitch angle, the � ight-path angle, and
the pitch rate. The precisionof this type of estimator is contingenton
the accuracyof the aerodynamicmodel, current mass, and moments
of inertia. The design of an engine thrust estimator is a challenging
problem,which must be viewed in the contextof solvingthe broader
problem of pitch and yaw rate controller design. This broader prob-
lem will be addressed in future work.

In this study, thrust valuesused in the calculationof the switching
surfaceare calculatedby Eq. (24). This assumesan exactknowledge
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Fig. 2 Control architecture.

of the correspondingvariables. The objective of this initial work is
to show that it is possible to use differential engine throttling as a
pitch and yaw actuator.The next step will be to show that differential
throttling can be used to control pitch and yaw rates.

Control Architecture
The proposed control architecture is shown in Fig. 2. The de-

sired steady-state pitching moment is Mdesired . This moment must
be created by the difference in the thrusts of the opposing engines.
The � lter generatesthe normalizedprescribedthrust pro� les f ¤

U and
f ¤

L as represented by Eq. (26). The other command inputs are the
desired values of the ef� ciencies of the normal shocks in the inlets
´¤U

3=4 and ´¤L
3=4. The prescribed ef� ciencies are necessarily different

for the upper and lower engines.
For each engine, it is necessary to track the desired thrust and to

regulate the ef� ciency of the internal shock. The thrust is controlled
by the fuel mixture ratio " and the inlet section area command
A2¡com. The shockef� ciency is regulatedusingonly the inlet section
area command.

SMC Design
Although the upper and lower engines are not totally decoupled,

we assume here that they can be controlled separately. Their de-
signs are, thus, identical, but with different operating parameters
corresponding to different nominal conditions. The equations rep-
resenting the upper or lower engine are

Px D f.x; t/ C D f.x; t/ C [B.x; t/ C D B.x; t/]u y D h.x/ (29)

The matrix x D fT6; 65; A2gT includes the combustion stagnation
temperature, the ratio of the area of section 6 to the corresponding
critical area, and the inlet section area. The matrix y D f f; ´3=4gT

includes the engine thrust and internal shock ef� ciency. The matrix
u D f"; A2¡ comgT includes the fuel/air mixture ratio and the inlet
section area command.

The systems considered are nonlinear MIMO systems, where
x 2 R3 and y 2 R2 . The functions f .x; t/ and D f .x; t/ and the col-
umn matrices B.x; t/ and D B.x; t/ are smooth vector � elds. Here,
D f .x; t/ and D B.x; t/ representuncertain functions that arise from
the uncertainty in the local value of °: Such disturbances appear in
the exponents of the functions 6.M; ° / and 6.M; ° /¡1 .

The various ef� ciency coef� cient values used in this study are
based on engineering approximations. Also, the models for com-
bustion and the forward propagation of the choking conditions are
based on relatively simplistic assumptions.Any imperfection in the
tracking of the angle of attack will result in forebody shock con-
ditions different from the nominal mode. The nominal system is
obtained when D f .x; t/ and D B.x; t/ D 0. Having de� ned refer-
ence trajectories f ¤ and ´¤

3=4 , the problem is to design a control
function, u."; A2¡ com/, such that in the closed loop the output y
tracks the prescribed output reference trajectories, or

lim
t!1

ei D lim
t!1

y¤
i .t/ ¡ yi .t/ D 0 (30)

The SMC controller design consists of the following three
steps.4¡6

1) Design the switchingsurface.The switchingsurfacesfor thrust
and shock ef� ciency are chosen such that the system’s motion
exhibits the desired output tracking errors:

¾ f D d
dt

C 1:4! f C !2
f

t

0

d¿ . f ¤ ¡ f / D 0

! f D 60 rad/s (31)

¾´ D d
dt

C 1:4!´ C !2
´

t

0

d¿ ´¤
3
4

¡ ´ 3
4

D 0

!´ D 60 rad/s (32)

Again, the characteristicfrequencyof 60 rad/s is chosenas twice the
characteristic frequency of the � lter generating the signal to track.

The systemofEq. (29) is transformedto a normal formwith track-
ing variables f and ´3=4. Twice differentiatingthe two outputvectors
along the trajectory yields Eq. (33) for each engine. The terms L2 f
and L2´3=4 represent the second trajectory derivatives with respect
to the state variables. The design of the controller does not require
their calculation, only the upper bound of their magnitudes. The
second 2£2 matrix on the right-handside of Eq. (33) represents the
second trajectoryderivativesrelative to the state variablesand to the
controls.This matrix is nonsingular.The applicationof Lyapunov’s
linearization method to Eq. (22) shows that the internal dynamics
variable 65 in Eq. (34) is asymptotically stable to the equilibrium
position:

Rf
Ŕ 3

4

D
L2 f

L2´ 3
4

C
0:5a A2

1 C "

T 0:5
c

®¯ a.1 C "/T 0:5
c C b C c65

0 d65!
2
A2

¢
"

A2¡ com

(33)

P65 D ¡!565 C !5 ¢ 6 Á¡1 0:4767 ¢ .T1=T6/0:5 C d6 (34)

2) Design the controller. The discontinuous control law is de-
signed to allow the system state to reach the switching surface in
� nite time and govern the system’s motion in this surface thereafter.
The motion of the system on the switching surface is de� ned as a
sliding mode. The conditions required to obtain these motions are
referred to as the existence conditionsof sliding mode or the attrac-
tivity conditions. A Lyapunov-based design approach is used to
derive the control law. De� ning ci;ri ¡ 1 D 18i D 1; m, the desired
motion of the system of Eqs. (33) and (34) in ¾ space is governedby

¾ T
i P¾i D

ri

j D 1

¾i c
j ¡ 1
i y¤[ j]

i ¡ y [ j ]
i < 0 (35)

Equation (35) can be rewritten in matrix notation as

¾ T
i P¾i D ¾T fU .Y¤/ ¡ L ¡ JUg < 0 (36)

where

U .Y¤/ D
2

j D 1

ci ¡ 1
f f ¤[ j ];

2

j D 1

ci ¡ 1
´ ´

¤[ j]
3
4

T

(37)

and

L D
2

j D 1

c j ¡ 1
i L j f;

2

j D 1

c j ¡ 1
i L j ´ 3

4

T

(38)

Different types of control laws may be used to achieve global
asymptoticstabilityof the equilibriumpoint¾ D 0 anda � nite reach-
ing time.4¡7 The control law chosen in this study is represented by

u D ueq ¡ ½J¡1SIGN ¾; ½i;i > 0 (39)

where ueq D J¡1[U .Y¤/ ¡ L] is an equivalent control providing
P¾ D 0, and SIGN ¾ D fsign¾1; : : : ; sign ¾m gT . Plant uncertainties
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preclude the exact computation of an equivalent control and its re-
placement by an estimated value. The corresponding controllers
are represented by Eqs. (40) and (41). Matrix ½ is a diagonal ma-
trix. The values of ½ f D 40;000 and ½´3=4 D 400 are introduced in
the calculation of these equations to obtain � nite and acceptable
reaching times of the surface by the system. These values also ac-
count for the errors in the estimation of ueq, whether such errors
arise from model uncertainties or from disturbances. This means
that ½i;i > k Oueqi;i

¡ ueqi;i
k. Here we use the nominal values of "

and A2 and O" and OA2 for estimated equivalent control:

"U

AU
2¡com

D
0:02

7
¡

0:0034 ¡0:004

0 1:28

sign ¾U
f

sign ¾U
´

(40)

"L

AL
2¡com

D
0:018

3:4
¡

0:003 ¡0:0035

0 0:47

sign ¾ L
f

sign ¾ L
´

(41)

3) Implement the controllers. The implementation of a high-
frequency relay controller is not possible in mechanical applica-
tions such as the vehicle of this study.7 Therefore, a boundary layer
is introduced in the switching control6 to avoid applying a discon-
tinuous control. The switching element sign ¾i can be replacedby a
saturation function sat.¾i=±i /, where ±i represents the i th switching
element boundary-layer thickness. Such controller design reduces
the controlactivity and providesa smootheroperation.But the price
paid for this is an eventualsteady-stateerrorwhile the controllerop-
erates linearly and a loss of robustness within the boundary layer.
When the controlleroperates linearly, it is simply a state linear con-
troller designedusing nonlinear techniques.But, outside the bound-
ary layer, it providesa � nite reachingtime anda relativelysigni� cant
robustness that pure linear controllers do not provide. Introducing
the integral term in Eqs. (31) and (32) eliminates the steady-state
output tracking errors. The � nal controller design is given by

"U D 0:02 C 0:0135 sat ¾U
f ¡ 0:016 sat ¾ U

´

(42)
"L D 0:018 C 0:012sat ¾ L

f C 0:015sat ¾ L
´

and

AU
2¡com D 7 C 5:12 sat ¾ U

´ ; AL
2¡com D 3:7 C 1:88 sat ¾ L

´

(43)

The amplitudes of the saturation functions are designed to take into
account the amplitude of the control authority available.

It should also be noted that the Oueq values in Eqs. (42) and (43) are
estimated by the nominalvalues of " and of A2 . Such estimationsby
constant terms are very crude, and as a consequence,the amplitudes
of the ½i values in Eq. (39) need to be relatively large.

Remark: The robustness of the control law given by Eqs. (42)
and (43) arises from the selection of the control amplitudes on the
basis of inequalities. The only quantitative knowledge of the plant
required is the magnitude range of the components of the uncertain
vectors D f .x; t/ and D B.x; t/.

Simulation Results
The pitching moment is normalized by the nominal thrust. In the

following simulation, the maximum normalized amplitude of the
prescribedmoment equals 0.2. This value correspondsto a 10% en-
gine thrustreductionor augmentation.The shockef� cienciesof both
enginesare simply regulatedat their nominalvalues.The simulation
models the pitch control response of the vehicle in the presence of
four imposed disturbances.Figure 3 shows the normalized pitching
moment and the total net thrust. Figure 4 shows the tracking of the
prescribedupper and lower engine thrusts. Figure 5 shows the error
between the desiredand actualmoment. Figure6 is a plot of the vari-
ation of stagnation combustion temperature and the corresponding
fuel/air mixture ratio relative to stoichiometric conditions. Finally,
Figs. 7 and 8 show the internal shock ef� ciencies and the variation
of the inlet section area, respectively.

The response of the system to the four imposed disturbances is
as follows:

Fig. 3 Normalized pitching moment and total net thrust.

Fig. 4 Tracking of the prescribed upper and lower engine thrusts.

Fig. 5 Error between desired and actual pitching moment and effects
of imposed disturbances.

1) The � rst disturbance reduces the combustion ef� ciency of the
upper engine by 10% from t D 3 to 3.5 s. This is in the range space
of the input matrix and is, thus, a matched disturbance. Figure 4
shows that the effects on the thrust are negligible. Figure 6 shows
that temperature is not affected, but the fuel/air mixture ratio is
increased by 10%.

2) The seconddisturbanceincreasesthe effectivearea of section 2
of the lower engine by 10% from t D 5 to 5.5 s. This is also a
matched disturbance.However, unlike the preceding case, it affects
both outputs as shown by Eqs. (23–25). Therefore, this disturbance
also behaves as an unmatched disturbance. As shown in Fig. 7, the
disturbance causes a small transient error in the regulation of the
shock ef� ciency. The peak amplitude of this transient error is 0.016
and its settling time is 0.15 s. Figure 8 shows that the disturbance
causes a small, essentially negligible transient modi� cation of the
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Fig. 6 Variation in combustion temperature and fuel/air mixture ratio
relative to stoichiometric conditions.

Fig. 7 Internal engine shock ef� ciencies.

Fig. 8 Variation in inlet section area A2 for the upper and lower
engines.

inlet cross-sectionalarea. As seen in Figs. 4 and 5, the disturbance
also induces a transient error on the tracking of prescribed thrust
with a peak amplitude of 0.035 and a settling time of 0.15 s. The
duration of the transient correspondsto the characteristicfrequency
of the sliding surfaces de� ned by Eqs. (31) and (32).

3) A third disturbance in the internal aerodynamics of the upper
engine decreases the value of 65 by 0.1 from t D 7 to 7.5 s. This
unmatcheddisturbancedirectlyaffects the internalenginedynamics
representedby Eq. (22). As a consequence,the fuel/air mixture ratio
(Fig. 6) and inlet cross-sectionalarea (Fig. 8) of the upper engineare
modi� ed. As shown in Fig. 5, this causes a transient thrust tracking
error with peak amplitude of 0.25 and a settling time of 0.25 s. A
transient error in the regulation of shock ef� ciency (Fig. 7) is also
inducedwith peak amplitudeof 0.014 and a settling time of 0.005 s.

4) A fourthdisturbancein the shockef� ciencyof the upper engine
is introduced from t D 9 to 9.5 s. As shown in Fig. 7, the regulation
of the shock ef� ciency rejects this disturbance. Its effect on the
tracking of the prescribed thrust is shown in Fig. 4. The amplitude
of the peak error is 0.023with a settling time of 0.15 s. Although not
shown, the differential throttling also modi� es the engine speci� c
impulses by 5%.

As seen in Fig. 5, the imposed disturbances do not introduce
steady-state tracking errors. The error between the desired moment
and the actual moment is relatively small. The results presented
indicate that the tracking is accurate with a settling time of approxi-
mately 0.2 s. The responseof all variablesis smooth,and thecontrols
do not chatter.

Conclusions
This paper addresses the control of the pitching moment of a

reusable launch vehicle through differential throttling of opposing
engines. The MIMO nonlinear control design is based on the SMC
technique. The control architecture developed comprises a genera-
tion of the desired thrust pro� les of the upper and lower engines.
The thrust pro� les are tracked by locally decoupled sliding mode
controllers.The ef� ciencies of the normal shocks in the supersonic
compression inlets of both engines are regulated to speci� c values
corresponding to the nominal � ight condition and in particular to
the nominal angle of attack.

It is assumed that the vehicle is powered by RBCC engines op-
erating in ramjet mode. An analytical model of the nominal � ight
performance of the engines and their dynamic response to changes
in the controlparameters is derived.Although simplistic, this model
provides enough realism to support a � rst evaluation of the control
architecture.Detailed numerical simulationsof combustiondynam-
ics could be conducted to provide a more re� ned model.

The suitability of the SMC controller is demonstrated through
simulation of the pitch control response of the vehicle in the pres-
ence of four imposed disturbances. The matched and unmatched
disturbances do not introduce steady-state tracking errors. The er-
ror between the desiredmoment and the actual moment is relatively
small. The tracking is accurate with a minimal settling time. The
response of all variables is smooth, and the controls do not chatter.

The feasibility of this differential throttling control should be
furtherevaluatedwithin the contextof a full � ight mechanicsmodel.
The capabilities should also be evaluated for other � ight conditions
and operating modes.
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